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In today’s lecture we continue our introduction to complex analysis by defining
analytic complex functions, the complex derivative, and looking closer at rational
complex functions.

Complex Derivatives

A complex function f(s) is analytic in some domain R C C if the function is
¢ single valued, and
 has a finite complex derivative f'(s) = % for all s € R.

Let f(s) = f(z +jy) = u(z,y) + jv(z,y). The function has a complex derivative
if and only if
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These are called the Cauchy-Riemann conditions. If these conditions are met
then the complex derivative is given by
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If a complex function is analytic over the entire complex plane, i.e. R = C, it is
called an entire function.

If a complex function is not analytic at a point sg, but is analytic in the
neighborhood of sg, then the point is called a singularity or a singular point of
the function.



Examples

Example 1: Let s = x + jy and define

Fls) = ¢ = flo+ jy) = 90 = el

Using Euler’s relation

f(z+ jy) = e” cos(y) +j e” sin(y)
——— ————
u(z,y) v(z,y)

Checking the Cauchy-Riemann conditions

0

a—u = e” cos(y)
x

Ou .

— = —e"sin(y)
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a—v = e” sin(y)
T

Ov -
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Thus % = g; = ¢”cos(y) and g—; = —% = —¢%sin(y) and the function is

analytic everywhere and thus an entire function. The complex derivative is

f(s) = e"cos(y) + je®sin(y) = e"el¥ = "IV = ¢*
just as if s was real and f a real function.

Example 2: Let f(s) =1, for [s| >0, i.e. s # 0. Then

. 1 1 T—jy _ x—Jy x .Y
fls) = Fz+jy) r+iy THjy x—jy x2+y? 224 y2 ]x2+y2
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Checking the Cauchy-Riemann conditions
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we we see that the function is analytic for s € C — (0 + 50) and
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f'(s) =
With some work you can show this is the same as

fs) ==

again, just as if s was real and f a real function.
Example 3: Now for a counter-example. Consider
fls)=s"=fle+jy) =z —jy

Thus u(z,y) = = and v(x,y) = —y. Checking the Cauchy-Riemann conditions,
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we see g—g =1# % = —1 thus the function is not analytic and no derivative
exists.
Example 4: Show that s = —1 is a singularity of an analytic complex function
1 . 1
f(s) = = f(z+jy) =

s+1 (1+z)+jy

Rearranging to get the real part and imaginary part



1 (1+z)—jy 1+z i —y
(Ita)+jy(l+a)—jy (FaP+y? ) (T+a2+y2

u(z,y) v(z,y)

Checking the Cauchy-Riemann conditions,

ou  —(1+a2)?+y?

dr — [(1+z)2+y2

ou =214y

dy [+ a)?+y??

ov 21+ x)y

v —(1+2)°+¢°
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we see that % = g—g and g—;‘ = —% except at © = —1,y = 0 where
—(1+2x)? 2 0
(I+a)+y = — = undefined

[(T+2)>+y?2 0

Thus the function is analytic except at so = —1 + j0 = —1.

Rational Complex Functions

The previous example is a rational function, a ratio of polynomials in s. These
will be very important later in the course. We will need to be very adept at
doing manipulations of such functions. The general case can be written as
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e If M < N the ratio is said to be strictly proper.
e If M < N the ratio is proper.

e If M > N the ratio is improper.



Example: M =2, N =3

by + by1s + b282
ag + a5 + axs? + assd

f(s) =
is a strictly proper rational function.

The roots of the denominator polynomial Q(s) are the singularities of f.

Partial Fraction Expansion

We will often be interested in writing rational functions as a partial fraction
expansion of the factors of the denominator. A ratio of polynomials that is
improper can be written as the sum of a polynomial and a strictly proper rational
function. Example

253 4+ 952+ 11s+ 2 s—1
/() s24+4s5+3 (2 + )+52+4s+3

Once a rational function is proper we can expand it in terms of the factors of
Q(s). Example

1 1 A B

f(s):s2+3s+2:(8+1)(s+2) s—|—1+s+2

To find A and B we can "clear" the fractions

A B 1 A(s+2)+ B(s+1)

s+l 542 GrDG+2) (s+1)(s +2)

which gives the equation for the numerator

A(s+2)+ B(s+1)=140s

which requires A =1 and B = —1, so that

1 . -1
s+1 s+4+2

fs) =

Clearing fractions can be tedious with higher order systems. A shortcut is to
use the Heaviside "cover-up" method, or finding the residues.

Case #1: non-repeated singularities




where «; are the distinct singularities (roots of Q(s)). Then

K K K
1 + 1 NI N
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f(s) =

To find the K; values we multiply through by that term (s — ;) and evaluate

the result when s = «;
Ki = (S - al)f(8)|s:al

Example:

s2+254+7 K K, K3
1(s) = (s+1)(s—3)(s+5) TS5+l 5-3 515

We note that M = 2 and N = 3 so that the function is strictly proper. To find
the constants

2425+ 7 3

K= > 127" -2
(-3 +5)|,_, 8

24+ 25+ 7 ' 11

K2: _—_— = —
s+ (s +5),y 16
s2+2s+7 11

K3: B ——— = —
(s4+1)(s=3)|,__5 16

This works even if the roots are complex. For example:

1 K, K,
f(s) = - ~ = -+ -
(s+1+j)s+1—=j) s+14+j s+1—j

1 1

K= ——— =——
s+1—7 s=—1—j 27

B 1 1
sH1+7le 1y, 24

Case #2: However we will often want to avoid working with complex roots
directly. Another approach is to combine them into a quadratic term. Here is
an example:

s+2 s+ 2 s+ 2 A

Bs+C

) = 3 2 GG+ NGF1=0) DR +2512) 541

5242542



To find A we use the same residue method

s+ 2
A= ———— =1
s2 4+ 2542

s=—1

To find B and C' we can clear fractions or use another shortcut. To find C, let
s =0. We get

A .C_
1 2

which implies that C' = 0. To find B multiply through by s and let s — cc.

As n Bs?+Cs _ 52 4 2s
s+1 $2425+2 $343s2+45+2

In the first term divide top and bottom by s, in the second term by s2, and on
the right-hand side by s:

A B+ Cs! sT1 42572

1451 + 1425142572 1435 1+4+4524253

Now let s — oco. We get

which implies B = —1.

Or you can just clear the fractions and substitute for A and C.

As* +2As+2A+Bs* +Cs+Bs+C =5+2 (1)
(A+B)s>+ (2A+B+c)s+24+C =5s+2 (2)
3)

We only need one equation, so lets use 24 + B + C = 1. Solving for B and
substituting for A.C gives B = —1 as above.

Thus the final result is

1 + —s
s+1 s24+25+2

fs) =

Case # 3: One other complication is when we have repeated roots (a root A,
repeated r > 1 times).



P(s)
(s=A)" (s —oa)(s —az) - (s —an—y)

f(s)

To handle this case we expand the ratio as

ag ax ar_1 K K> Ky_,
(s —=A)T (S—A)T*1+ +s—)\+s—a1++s—a2+ ++s—aN,r

The K; values are determined using the same residue method as before. The a;
values are found using a variation on the residue method:

1 d -
a; = a@[(s —A)"f(s)] s
That is rather complicated so lets finish up with an example. Find the partial

fraction expansion of

s+ 3

16 = et

Using the pattern above we expand the terms as

0 e N R
s) =
s+2 (s+1)2 s+1
then find the residues
s+3
K = =1
! (S+1)2 s=—2
BN PR [
WO 0ds |st+2)|
" _1dJ[s+3 (s +2)(1) - (s+3)(1) .
L7 lds | s+ 2 —1 (s+2)2 s=—1
Thus the result is
1 2 -1
f(s) =

S+2+(8+1)2+S—|—1

As you might expect there are computational tools that do this job for you.



e Mathematica: Apart function
o Matlab (using symbolic toolbox) and Maxima: partfrac function

You can use this to check work and help on homework, but you will need to be
able to do this by hand on exams.
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$f(s)$


$R\subset \mathbb {C}$


$f^\prime (s) \equiv \frac {df}{ds}$


$s\in R$


$f(s) = f(x + jy) = u(x,y) + jv(x,y)$


\begin {equation*}\frac {\partial u}{\partial x} = \frac {\partial v}{\partial y}\end {equation*}


\begin {equation*}\frac {\partial u}{\partial y} = -\frac {\partial v}{\partial x}\end {equation*}


\begin {equation*}f^\prime (s) = \frac {\partial u}{\partial x} + j \frac {\partial v}{\partial x} = \frac {\partial v}{\partial y} - j \frac {\partial u}{\partial y}\end {equation*}


$R = \mathbb {C}$


$s_0$


$s_0$


$s = x+jy$


\begin {equation*}f(s) = e^s = f(x+jy) = e^{x+jy} = e^x e^{jy}\end {equation*}


\begin {equation*}f(x+jy) = \underbrace {e^x\cos (y)}_{u(x,y)} + j\underbrace {e^x \sin (y)}_{v(x,y)}\end {equation*}


\begin {equation*}\frac {\partial u}{\partial x} = e^x\cos (y)\end {equation*}


\begin {equation*}\frac {\partial u}{\partial y} = -e^x\sin (y)\end {equation*}


\begin {equation*}\frac {\partial v}{\partial x} = e^x\sin (y)\end {equation*}


\begin {equation*}\frac {\partial v}{\partial y} = e^x\cos (y)\end {equation*}


$\frac {\partial u}{\partial x} = \frac {\partial v}{\partial y} = e^x\cos (y)$


$\frac {\partial u}{\partial y} = -\frac {\partial v}{\partial x} = -e^x\sin (y)$


\begin {equation*}f^\prime (s) = e^x\cos (y) + je^x\sin (y) = e^x e^{jy} = e^{x+jy} = e^s\end {equation*}


$s$


$f$


$f(s) = \frac {1}{s}$


$|s| > 0$


$s \neq 0$


\begin {equation*}f(s) = f(x+jy) = \frac {1}{x+jy} = \frac {1}{x+jy} \cdot \frac {x-jy}{x-jy} = \frac {x-jy}{x^2 + y^2} = \underbrace {\frac {x}{x^2 + y^2}}_{u(x,y)} + j \underbrace {\frac {-y}{x^2 + y^2}}_{v(x,y)}\end {equation*}


\begin {equation*}\frac {\partial u}{\partial x} = \frac {-x^2 + y^2}{(x^2 + y^2)^2}\end {equation*}


\begin {equation*}\frac {\partial u}{\partial y} = \frac {-2xy}{(x^2 + y^2)^2}\end {equation*}


\begin {equation*}\frac {\partial v}{\partial x} = \frac {2xy}{(x^2 + y^2)^2}\end {equation*}


\begin {equation*}\frac {\partial v}{\partial y} = \frac {-x^2 + y^2}{(x^2 + y^2)^2}\end {equation*}


$s \in \mathbb {C} - (0 + j0)$


\begin {equation*}f^\prime (s) = \frac {-x^2 + y^2}{(x^2 + y^2)^2} + j \frac {2xy}{(x^2 + y^2)^2}\end {equation*}


\begin {equation*}f^\prime (s) = -\frac {1}{s^2}\end {equation*}


$s$


$f$


\begin {equation*}f(s) = s^* = f(x + jy) = x - jy\end {equation*}


$u(x,y) = x$


$v(x,y) = -y$


\begin {equation*}\frac {\partial u}{\partial x} = 1\end {equation*}


\begin {equation*}\frac {\partial u}{\partial y} = 0\end {equation*}


\begin {equation*}\frac {\partial v}{\partial x} = 0\end {equation*}


\begin {equation*}\frac {\partial v}{\partial y} = -1\end {equation*}


$\frac {\partial u}{\partial x} = 1 \neq \frac {\partial v}{\partial y} = -1$


$s_0 = -1$


\begin {equation*}f(s) = \frac {1}{s+1} = f(x +jy) = \frac {1}{(1+x) + jy}\end {equation*}


\begin {equation*}\frac {1}{(1+x) + jy}\frac {(1+x) - jy}{(1+x) - jy} = \underbrace {\frac {1+x}{(1+x)^2 + y^2}}_{u(x,y)} + j \underbrace {\frac {-y}{(1+x)^2 + y^2}}_{v(x,y)}\end {equation*}


\begin {equation*}\frac {\partial u}{\partial x} = \frac {-(1+x)^2 + y^2}{[(1+x)^2 + y^2]^2}\end {equation*}


\begin {equation*}\frac {\partial u}{\partial y} = \frac {-2(1+x)y}{[(1+x)^2 + y^2]^2}\end {equation*}


\begin {equation*}\frac {\partial v}{\partial x} = \frac {2(1+x)y}{[(1+x)^2 + y^2]^2}\end {equation*}


\begin {equation*}\frac {\partial v}{\partial y} = \frac {-(1+x)^2 + y^2}{[(1+x)^2 + y^2]^2}\end {equation*}


$\frac {\partial u}{\partial x} = \frac {\partial v}{\partial y}$


$\frac {\partial u}{\partial y} = -\frac {\partial v}{\partial x}$


$x=-1, y = 0$


\begin {equation*}\frac {-(1+x)^2 + y^2}{[(1+x)^2 + y^2]^2} = \frac {0}{0} = \text {undefined}\end {equation*}


$s_0 = -1 + j0 = -1$


$s$


\begin {equation*}f(s) = \frac {\sum \limits _{k=0}^M b_k s^k}{\sum \limits _{k=0}^N a_k s^k} \equiv \frac {P(s)}{Q(s)}\end {equation*}


$M < N$


$M \leq N$


$M > N$


$M = 2, N=3$


\begin {equation*}f(s) = \frac {b_0 + b_1 s + b_2 s^2}{a_0 + a_1 s + a_2 s^2 + a_3 s^3}\end {equation*}


$Q(s)$


$f$


\begin {equation*}f(s) = \frac {2s^3 + 9s^2 + 11s + 2}{s^2 + 4s + 3} = (2s+1) + \frac {s-1}{s^2 + 4s + 3}\end {equation*}


$Q(s)$


\begin {equation*}f(s) = \frac {1}{s^2 + 3s +2} = \frac {1}{(s+1)(s+2)} = \frac {A}{s+1} + \frac {B}{s+2}\end {equation*}


$A$


$B$


\begin {equation*}\frac {A}{s+1} + \frac {B}{s+2} = \frac {1}{(s+1)(s+2)} = \frac {A(s+2) + B(s+1)}{(s+1)(s+2)}\end {equation*}


\begin {equation*}A(s+2) + B(s+1) = 1 + 0s\end {equation*}


$A = 1$


$B = -1$


\begin {equation*}f(s) = \frac {1}{s+1} + \frac {-1}{s+2}\end {equation*}


\begin {equation*}f(s) = \frac {P(s)}{(s-\alpha _1)(s-\alpha _2)\cdots (s-\alpha _N)}\end {equation*}


$\alpha _i$


$Q(s)$


\begin {equation*}f(s) = \frac {K_1}{s-\alpha _1} + \frac {K_1}{s-\alpha _1} + \cdots + \frac {K_N}{s-\alpha _N}\end {equation*}


$K_i$


$s-\alpha _i$


$s = \alpha _i$


\begin {equation*}K_i = \left . (s-\alpha _i)f(s) \right |_{s = \alpha _i}\end {equation*}


\begin {equation*}f(s) = \frac {s^2 + 2s + 7}{(s+1)(s-3)(s+5)} = \frac {K_1}{s+1} + \frac {K_2}{s-3} + \frac {K_3}{s+5}\end {equation*}


$M = 2$


$N = 3$


\begin {equation*}K_1 = \left . \frac {s^2 + 2s + 7}{(s-3)(s+5)} \right |_{s = -1} = -\frac {3}{8}\end {equation*}


\begin {equation*}K_2 = \left . \frac {s^2 + 2s + 7}{(s+1)(s+5)} \right |_{s = 3} = \frac {11}{16}\end {equation*}


\begin {equation*}K_3 = \left . \frac {s^2 + 2s + 7}{(s+1)(s-3)} \right |_{s = -5} = \frac {11}{16}\end {equation*}


\begin {equation*}f(s) = \frac {1}{(s + 1 + j)(s + 1 -j)} = \frac {K_1}{s + 1 + j} + \frac {K_2}{s + 1 -j}\end {equation*}


\begin {equation*}K_1 = \left . \frac {1}{s + 1 - j} \right |_{s = -1-j} = -\frac {1}{2j}\end {equation*}


\begin {equation*}K_2 = \left . \frac {1}{s + 1 + j} \right |_{s = -1+j} = \frac {1}{2j}\end {equation*}


\begin {equation*}f(s) = \frac {s+2}{s^3 + 3s^2 + 4s + 2} = \frac {s+2}{(s+1)(s+1 +j)(s +1 -j)} = \frac {s+2}{(s+1)(s^2 +2s + 2)} = \frac {A}{s+1} + \frac {Bs + C}{s^2 + 2s + 2}\end {equation*}


$A$


\begin {equation*}A = \left . \frac {s+2}{s^2 + 2s + 2} \right |_{s = -1} = 1\end {equation*}


$B$


$C$


$C$


$s = 0$


\begin {equation*}\frac {A}{1} + \frac {C}{2} = 1\end {equation*}


$C = 0$


$B$


$s$


$s\rightarrow \infty $


\begin {equation*}\frac {As}{s+1} + \frac {Bs^2 + Cs}{s^2 + 2s + 2} = \frac {s^2 + 2s}{s^3 + 3s^2 + 4s + 2}\end {equation*}


$s$


$s^2$


$s^3$


\begin {equation*}\frac {A}{1+s^{-1}} + \frac {B + Cs^{-1}}{1 + 2s^{-1} + 2s^{-2}} = \frac {s^{-1} + 2s^{-2}}{1 + 3s^{-1} + 4s^{-2} + 2s^{-3}}\end {equation*}


$s\rightarrow \infty $


\begin {equation*}\frac {A}{1} + \frac {B}{1} = \frac {0}{1} = 0\end {equation*}


$B = -1$


$A$


$C$


\begin {align}As^2 + 2As + 2A + Bs^2 + Cs + Bs + C &= s+2\\ (A+B)s^2 + (2A + B + c)s + 2A +C = s+2\\\end {align}


$2A + B + C = 1$


$B$


$A.C$


$B = -1$


\begin {equation*}f(s) = \frac {1}{s+1} + \frac {-s}{s^2 + 2s + 2}\end {equation*}


$\lambda $


$r > 1$


\begin {equation*}f(s) \frac {P(s)}{(s-\lambda )^r\, (s-\alpha _1)(s-\alpha _2)\cdots (s-\alpha _{N-r})}\end {equation*}


\begin {equation*}f(s) = \frac {a_0}{(s-\lambda )^r} + \frac {a_1}{(s-\lambda )^{r-1}} + \cdots + \frac {a_{r-1}}{s-\lambda } + \frac {K_1}{s-\alpha _1} + + \frac {K_2}{s-\alpha _2} + \cdots + + \frac {K_{N-r}}{s-\alpha _{N-r}}\end {equation*}


$K_i$


$a_i$


\begin {equation*}a_i = \left . \frac {1}{i!}\frac {d^i}{ds^i}[(s-\lambda )^r f(s)] \right |_{s = \lambda }\end {equation*}


\begin {equation*}f(s) = \frac {s+3}{(s+1)^2(s+2)}\end {equation*}


\begin {equation*}f(s) = \frac {K_1}{s+2} + \frac {a_0}{(s+1)^2} + \frac {a_1}{s+1}\end {equation*}


\begin {equation*}K_1 = \left . \frac {s+3}{(s+1)^2} \right |_{s = -2} = 1\end {equation*}


\begin {equation*}a_0 = \left . \frac {1}{0!}\frac {d^0}{ds^0}\left [\frac {s+3}{s+2}\right ] \right |_{s = -1} = 2\end {equation*}


\begin {equation*}a_1 = \left . \frac {1}{1!}\frac {d}{ds}\left [\frac {s+3}{s+2}\right ] \right |_{s = -1} = \left . \frac {(s+2)(1) - (s+3)(1)}{(s+2)^2} \right |_{s = -1} = -1\end {equation*}


\begin {equation*}f(s) = \frac {1}{s+2} + \frac {2}{(s+1)^2} + \frac {-1}{s+1}\end {equation*}



